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Abstract. One dimensional Dirac operators 

L bc (v)y = i(^ Q ^ +v(x)y, y = , x€[0,%], 

( P (x)\ 

considered with L 2 -potentials v(x) — ( q^n q J an d subject 

to regular boundary conditions (be), have discrete spectrum. 

For strictly regular be, it is shown that every eigenvalue of the 
free operator L® c is simple and has the form A° = k + r Q where 
a e {1,2}, fc <E 2Z and r Q = T a (bc); if |fc| > N(v,bc) each of the 
discs £)£ = {z : \z — A^ Q | < p = p(6c)}, a € {1,2}, contains 
exactly one simple eigenvalue Xk lCC of Lb c (v) and (Afe ]Q , — A° Q )fcg2Z 
is an £ 2 -sequence. Moreover, it is proven that the root projections 
Pn.a = IdD a ^bciv))^ 1 dz satisfy the Bari-Markus condition 

\\Pn,a- PlJ 2 <™, ne2Z, 

\n\>N 

where P° are the root projections of the free operator L° c . Hence, 
for strictly regular be, there is a Riesz basis consisting of root func- 
tions (all but finitely many being eigenfunctions) . Similar results 
are obtained for regular but not strictly regular be - then in general 
there is no Riesz basis consisting of root functions but we prove 
that the corresponding system of two-dimensional root projections 
is a Riesz basis of projections. 
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1. Introduction 

Spectral theory of non-selfadjoint boundary value problems (BVP) 
for ordinary differential equations on a finite interval / goes back to 
the classical works of Birkhoff [2J [3] and Tamarkin [2U] |2"T] |2"%] . They 
introduced a concept of regular (R) boundary conditions (be) and inves- 
tigated asymptotic behavior of eigenvalues and eigenfunctions of such 
problems. Moreover, they proved that the system of eigenfunctions 
and associated functions (SEAF) of a regular BVP is complete. 

More subtle is the question whether SEAF is a basis or an uncondi- 
tional basis in the Hilbert space H° = L 2 (I). N. Dunford [Uj (see also 
[12]). V. P. Mikhailov [IS] . G. M. Keselman [15] independently proved 
that the SEAF is an unconditional, or Riesz, basis if be are strictly 
regular (SR). This property is lost if be are R\SR, i.e., regular but not 
strictly regular; unfortunately, this is just the case of periodic (Per + ) 
and anti-periodic (Per - ) be. But A. A. Shkalikov [22] [23] 121] proved 
that in R \ SR cases a proper chosen finite-dimensional projections 
form a Riesz basis of projections. 

Dirac operators 

-°0 "-ft). <->-u, T) 

with P,Q E L 2 (I), and more general operators 

(1.2) My = iB— +v(x)Y, Y — (yj(x))f, 

where B is a ci x d- matrix and t> (x) is a d x d matrix- valued L 2 (I) 
function bring new difficulties. One of them comes from the fact that 
the values of the resolvent (A — L^c)^ 1 are not trace class operators. 

For general system fll.2p M. M. Malamud and L. L. Oridoroga [16] 
gave sufficient conditions for the completeness and minimality of the 
SEAF in the case of regular BVP. 

The Riesz basis property for 2x2 Dirac operators (11. ip was proved 
by I. Trooshin and M. Yamamoto j29j [30] in the case of separated be 
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and v G L 2 . S. Hassi and L. L. Oridoroga [H] proved the Riesz basis 
property for ( 11.211 when B — f ^ , with a, 6 > 0, for separated 6c 

and v G C^I). 

B. Mityagin [19], [201 Theorem 8.8] proved that periodic (or anti- 
periodic) be give a rise of a Riesz system of 2D projections (or 2D 
invariant subspaces) under the smoothness restriction P, Q G H a , a > 
1/2, on the potentials v in (11. ip . The authors removed that restriction 
in [9], where the same result is obtained for any L 2 potential v. This 
became possible in the framework of the general approach to analysis 
of invariant (Riesz) subspaces and their closeness to 2D subspaces of 
the free operator developed and used by the authors in [U El El [71 E] . 

Now we extend these results to Dirac operators with any regular be, 
which requires a careful analysis of regular and strictly regular (a la 
Birkhoff-Tamarkin) be themselves - Section 3 describes these be and 
give explicit form of the SEAF (Lemmas 5, 6, 7) for SR and R \ 
SR be in the case of the free Dirac operator. Section 2 reminds the 
elementary geometry of Riesz bases or Riesz systems of projections in 
a Hilbert space (see [TJ [TT1 [13] ) . In Section 4 and 5 we study the analytic 
properties of the resolvent Rb c (X) = (A — L^c)^ 1 with v G L 2 . SR and 
R \ SR cases differ in some technical details, and Theorems 12 and 14 
accordingly take care about localization of L^'s spectra. Now (Sections 
6, 7) the representation of projections as Cauchy-Riesz integrals of the 
resolvent is used to get Bari-Markus property of the Riesz system for 
Lbc- In the SR case this leads (Theorem 15) to Riesz basis property 
of the SEAF; in the R \ SR case the system of 2D projections of root 
subspaces is a Riesz system (Theorem 20). 



2. Technical preliminaries about Riesz systems of 

projections 

Here we recall some basic facts about Hilbert-Schmidt operators, 
Riesz bases, etc. All Hilbert spaces that we consider are supposed to 
be separable. 

1. Hilbert-Schmidt operators. 

Let if be a Hilbert space. A linear operator T : H — > H is Hilbert- 
Schmidt operator if its Hilbert-Schmidt norm \[T\\ns is finite, where 

(2.i) imiL:=En Te 7ii 2 = E i< Te 7^>i 2 

7 er 7 ,/3er 
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with (e 7 ,7 £ T) being any orthonormal basis (o.n.b.) in H. The fol- 
lowing lemma summarizes some of the properties of Hilbert-Schmidt 
operators and Hilbert-Schmidt norm. 

Lemma 1. Let T : H — >■ H and S : H — >• H be linear operators. 

(a) ||T||h5 in \2. 1\) does not depend on the choice of o.n.b. (e 7 ). 

(b) \\T\\hs is a norm such that \\T*\\hs — \\T\\hs- 

(c) \\T\\ < \\T\\ HS 

(d) If T is Hilbert-Schmidt and S is bounded, then ST and TS are 
Hilbert-Schmidt operators, and 

\\ST\\ HS ,\\TS\\ HS <\\T\\ HS -\\S\\ 

(e) Every Hilbert-Schmidt operator is compact. 

We refer to [131 IZE] for proofs of these properties and more details 
about Hilbert-Schmidt operators. 

2. Riesz bases. 

Let if be a Hilbert space, and let (e 7 , 7 £ T) be an o.n.b. in H. If 
A : H — > H is an automorphism, then the system 

(2.2) / 7 = Ae 7 , 7 e r, 

is an unconditional basis in H. Indeed, for each x £ H we have 



x 



= A(A^x) = A ^^(A _1 x,e 7 )e 7 j 
J>, (A- 1 re 7 )/ 7 = ^(x,/ 7 )/ 7 



(7, 

7 7 

so (/ 7 ) is a basis, and its biorthogonal system is 

(2.3) / 7 = (A- 1 )*e 7 , 7 er. 

Moreover, it follows that 

(2.4) 0<c<||/ 7 ||<C, m 2 ||x|| 2 <^|(x,/ 7 )| 2 ||/ 7 || 2 <M 



with c= l/p- 1 !!, C = \\A\\, M = \\A\\ ■ WA^W and m = l/M. 

A basis of the form (12.21) is called Riesz basis. One can easily see 
that the property (12.41) characterizes Riesz bases, i.e., a basis (/ 7 ) is a 
Riesz bases if and only if (12 .4p holds with some constants C > c > 
and M > m > 0. Another characterization of Riesz bases gives the 
following assertion (see [131 Chapter 6, Section 5.3, Theorem 5.2]): If 
(/ 7 ) is a normalized basis (i.e., ||/ 7 || = lVj), then it is a Riesz basis 
if and only if it is unconditional. 
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Let (/ 7 ) be a fixed Riesz basis in H of the form (12. 2h . For each 
Hilbert-Schmidt operator T we consider 

(2-5) ||T||^= [J2\( T UMf 

Then ||T||# 5 is a norm which is equivalent to ||T||^5. Indeed, in view 

of ^3j-<ra> 

= Y J U- l TAe 1 ,e p )\ 2 =\\A- 1 TA\\] 1S . 

Therefore, in view of Lemma [IJ 

\\T\\* HS = WA^TAWhs < M\\T\\ HS 
with M — \\A\\ ■ ||j4 _1 ||. On the other hand, by the same argument, 



\T\\ HS = \\A(A- 1 TA)A- 1 \\ HS < MWA^TAWhs = M\\T\ 



HS- 



3. Riesz bases of projections and Bari-Markus Theorem 

Let if be a Hilbert space. A family of bounded finite-dimensional 

projections {P 7 : H — > H, 7 G T} is called unconditional basis of 

projections if the following conditions hold: 

(2.6) P a P p = if a ± (3, P 2 = P a ; 

(2.7) x = J2 P i( x ) Vxei?, 

where the series converge unconditionally. 

Obviously, if (/ 7 ) is an unconditionsl basis in H then the system of 
one-dimensional projections P 7 (x) = / 7 (x)/ 7 is a basis of projections 
in H, and vice versa, every basis of one dimensional projections can be 
obtained in that way from some basis. 

If (Q 7 ) is a basis of orthogonal projections (i.e., Q* f = Q y ), the 
Pythagorian theorem implies ||Q 7 x|| 2 = ||.t|| 2 . 

We say that the family of projections (P° 7 G T) is a Riesz basis of 
projections if 

(2.8) P 7 ° = AQ,,A-\ 7 G T, 

where A : H — > H is an isomorphism and (Q 1 , 7 G T) is a basis of 
orthogonal projections. 
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If (EED holds, then 
(2.9) ll P 7° x l| 2 ^ H^ll 2 E WQ^ lx W 2 = UfWA-'xW 2 < M 2 \\x\ 

7 7 

with M = WAWWA^W- 

The following statement is a version of the Bari-Markus theorem (see 
[13], Ch.6, Sect. 5.3, Theorem 5.2). 



Theorem 2. Suppose that (P 7 , 7 e T) is « family of bounded finite 
dimensional projections in a Hilbert space H such that 

(2.10) P a Pp = if a ^f3. 

If there is a Riesz basis of projections (P°, 7 G T) swc/t £/ia£ 

(2.11) dimP 7 = dimP 7 °, 7 G T, 
and 

(2.12) ^||P 7 -P 7 °f<oo, 
then (P 7 ) zs a Riesz basis of projections in H. 

Proof. Let the projections P 7 be given by (12.81) . In view of (12.121) . there 
is a finite subset Ti C T such that 

(2.13) ^||P 7 -P 7 °|| 2 M 2 <i 

r\ri 

where the constant M = ||^4 _1 || ||^4|| comes from (12.90 . Consider the 
operators 

Tx = ( p 7 - P%)P%x> Bx = J2 P ° x + R ' P ° X = X + Tx - 
r\r\ ri r\r 1 

In view of (12.91) and (12.131) . the Cauchy inequality yields 

2 



\Txf< hrnp 7 -po||||p 



7 

r\r 



°*\\\ <Ell P -r-^l| 2 Ell P M| 2 <^^l| 2 - 
/ r\ri r\ri 



Therefore ||T|| < 1/2, which implies that B : H — > H is an isomor- 
phism. 

By the construction of the operator B, if a G T \ Ti then P coincides 
on the subspace P°(P) with the projection P a , i.e., 

PP°x = P a P°x for aer\r 1 , x G P. 
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Since dim P°(P) = dim P a (H) < oo, it follows that B maps P%(H) 
onto P a (H), which yields P a = BP°B~ l for a G T \ I\. 

Let H®, H 2 , Hi, H 2 be, respectively, the closed linear spans of 

IK(#)> U p tW> U^(n [jp.m 

ri r\r x ri r\ri 

then H = Hi® H% = Hi®H 2 , and £(#2°) = H 2 . Since dimP 7 °(#) = 
dim P 7 (iPj, there exists an isomorphism B : H — >■ if such that B = B 
on ifg and P maps P®(H) onto P 7 (P) for every 7. Thus, by (12. 8p we 
obtain 

p 7 = pp^p- 1 = paq^^p- 1 = (ba)q, / (ba)- 1 , 7 e r, 

which proves that (P 7 ) is a Riesz basis of projections. □ 



3. General regular and strictly regular boundary 

conditions 

We consider the Dirac operators L = L(v) given by fll.l[) on the 
interval I = [0, 7r] and set L° = L(0). In the following, the Hilbert 
space L 2 (I, C 2 ) is regarded equipped with the scalar product 



(3.1) 



fi(x)gi(x) + f 2 {x)g 2 {x) dx 



1. A general boundary condition for the operator L° (or L) is given 
by a system of two linear equations 



(3.2) 



aWi(0) + 6iyi(7r) + a 2 y 2 (0) + b 2 y 2 (ir) = 
ci?/i(0) + dxyi(ir) + c 2 y 2 (0) + d 2 y 2 (n) = 



Let Aij denote the 2x2 matrix formed by the i-th and j-th columns 
of the matrix 



13 



(3.3) 

and let \A. 
of the equation 

(3.4) 

has the form 
(3.5) 



ai bi a 2 b 2 
ci d\ c 2 d 2 

denote the determinant of the matrix Asa. Each solution 



L°y = Xy, y 



rje 



-i\x 
iXx 
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It satisfies the boundary condition ( 13. 2ft if and only if (£, rf) is a solution 
of the system of two linear equations 

(3.6) i(a l + b l z- 1 )+i 1 (a 2 + b 2 z) = 
£(ci + rfi^" 1 ) + r?(c 2 + d 2 z) = 

where z = exp(i7rA). Therefore, we have a non-zero solution y if and 
only if the determinant of (13. 6p is zero, which is equivalent to the 
quadratic equation 

(3.7) \A lA \z 2 + (|A 13 | + \A 2A \)z + |A 23 | = 0. 
Definition 3. The boundary condition K3.2t) is called: regular if 

(3.8) \A U \^0, \A 23 \^0, 
and strictly regular if additionally 

(3.9) (\A 13 \ + \A 24 \) 2 ^A\A 14 \\A 23 \ 
holds. 

Of course, (13. 9p is equivalent to saying that the quadratic equation 
(13.71) has two distinct roots. 

From now on we consider only regular boundary conditions. We 
multiply from the left the system (13.21) and the 2x4 matrix (13.31) by 
the matrix At}. This gives us an equivalent to (13. 2p system 

(3.10) yi (0) + b yi (n) + ay 2 (0) = 
dyi(7r) + cy 2 (0) + y 2 (7r) = 

which matrix has the form 



(3.11) 



1 b a 
d c 1 



and 



A7} A? 



b a 
d c 

In the following we consider only boundary conditions in the form 
(13TTU]) with matrices (13TTB . Then 



(3.12) |Ai 4 | = l, |Ai 3 | = c, \A 24 \=b, \A 23 \=bc-ad. 
Condition (13. 8p means that 

(3.13) |A 23 | = bc-ad^ 0, 
and (13.91) takes the form 

(3.14) (b - cf + Aad ^ 0. 
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Now the system (13.61) becomes 

(3.15) f(l + bz- r ) +r]a = 

^dz' 1 + r)(c+ z) = 

and the equation (13.71) becomes 

(3.16) z 2 + (b + c)z + bc-ad 
Notice that (I3.15P means 



0. 



(3.17) 



I + 6/2; a 
d/z c + z 



z + b a 
d c + z 



t/z 
V 



0. 



From here (or, since the change of variable z — > —w transforms (13.161) 
into the characteristic equation of the matrix A23) we get the following. 

Lemma 4. The number z is a root of $3.16}) if and only if —z is an 



eigenvalue of the matrix A23 



b a 
d c 



. Moreover, 



is a non-zero 



solution of Ii3.15\) if and only if —z is an eigenvalue of the matrix A23 

n 



and 



is an eigenvector of A23 corresponding to 



-z. 



2. Strictly Regular boundary conditions. In this case the conditions 
(I3.13P and (13.141) guarantee that quadratic equation (13.161) has two 
distinct nonzero roots z\ and z 2 , so the matrix A23 has two distinct 
eigenvalues — Zi, — z-i- Let us fix a pair of corresponding eigenvectors 



a 1 

tt'2 



and 



. Then 



(3.18) 



a 1 

tt'2 



and 



because z\ 7^ z 2 . Therefore, the matrix 
(3.19) 



are linearly independent 

is invertible; we set 



ttl ttr 



Ct2 $2 



-1 



Moreover, in view of Lemma HI the vectors 

solutions of the system (I3.15p . 
Let T\ and T2 be chosen so that 

(3.20) z x 

and 



Ol\Zi 

0L2 



and 



P1Z2 

02 



are 



Z2 



ITTT2 



(3.21) 



\Reri — Rer 2 \ < 1, \Reri\<l. 
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Then we have 



(3.22) zi 
and 

(3.23) z 2 = 

The right-hand sides of (I3.22j) and (13.23!) give all eigenvalues of L° . For 
each A in the two infinite series given by (13.221) and (13. 23ft we have an 
eigenvector of L° of the form (13.51) with 



e «rA ^ \ = Tl + k, k e2Z 
jn\ ^ A = r 2 + m, m G 2Z. 



OL\Z\ 

a 2 



if A = ri + m, 



if A = r 2 + m. 



Thus, the operator L° subject to the boundary conditions (13.41) with 
matrix (13.111) . has the following two series of eigenvectors: 
(3.24) 

$i = k G 2Z}, 



-i(ri+fc)x 



a 2 e 



i(n+k)x 



and 
(3.25) 

$ 2 = {<p 2 m , m G 2Z}, 



<Pr. 



^2/3ie" i(r2+m)x 



a girifr—x) e —ikx 

a 2 e lTlx e lkx 



RgiT2(n—x)g—imx 
P 2e ir 2 x e imx 



Lemma 5. The system $ = $ 1 U $ 2 is a Riesz basis in the space 
L 2 (I,C 2 ), I = [0, 7r]. Its biorthogonal system is $ = "I 1 U <l 2 , where 



(3.26) 

and 

(3.27) 



$i = k G 2Z}, 



$ 2 = m G 2Z}, 



0[ /^ e iT 1 (Tr—x) e —ikx 

a' 2 e mx e lkx 



0' giT2(ir—x) g—imx 

PI „ir2X c imx 
(J 2 C e 



a[, a' 2 , P[, (3' 2 coming from A3.19\) . 

Proof. The system E = E 1 U E 2 , where 
(3.28) 

E" = {e" k , ke2Z}; ^ = 1,2; e\ :■ 



,ikx 





Amx I ) 



is an orthonormal basis in L 2 (I, C 2 ). 

Consider the operator A : L 2 (J, C 2 ) -> L 2 (J, C 2 ) defined by 



(3.29) A 



a 2 e tTlX f(x) 



Pie 



vpz^—x) 



g(7t-x / 



/3 2 e lT2X g(x) 
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Since we have <3> = A(E), the lemma will be proved if we show that A 
is an isomorphism. Since the functions e %T " x and e lT "^ n ~ x \ v = 1,2, are 
bounded, it follows that A is bounded operator. Let us find its inverse. 
By (13.291) . the equation 



.4 



g) \g 



is equivalent to the following system of two linear equations in two 
unknowns /, g : 

(3.30) a ie iTlX f(x) + f3 ie iT2X g(x) = F(n - x), 

a 2 e iTlX f{x) + (3 2 e iT2X g{x) = G(x). 

By fl3TT8|) and f l3~19|) . we get 

e iTlx f(x)\ _ fo^F^ -x) + a' 2 G(x) 
e iT2X g(x) J ~ \/3[F(tt - x) + (3' 2 G(x) 

which leads to 

x (F\ _ fe-^ x [a[F(7r - x) + a' 2 G(x)]\ 
[6 - 6i) A \GJ ~ \e- lT2X [P[F{7T -x)+ P' 2 G(x)] J ' 

Now it is easy to see that A' 1 is bounded. 
Let us find the adjoint operator of A^ 1 . Since 

A ^ (g) ' (o) ) = \ l^ 10 ' 1 ^ ~ X) + ^G^e-^Jixjdx 



1 

71 

we get 



F(x)a' 1 f(ir - x)e iT ^- x ^ + G(x)a' 2 f(x)e irix ) dx, 



0J \ a' 2 f(x)e iTlX 
In an analogous way it follows that 

0\ _ fW x g{jx - x)e m ^~^ 
g)~\ J 2 g{x)e^ x 



(A' 1 )* 

Thus 



(3.32) 

(A- 1 )* (f) = (<f(jL- X ^ i7r ~ X) } + (Pi9(*_- x)e^~^ 
1 ) W V a' 2 f(x)e^ x &g(x)e™ 

By (12. 3p . the system $ is a Riesz basis, and its biorthogonal system is 
given by ( 13. 26ft and (13.271) . This completes the proof. □ 
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The system $ has the same form as $, so it is a system of eigenvectors 
of L° subject to appropriate boundary conditions. Indeed, let S denote 

the matrix f , ° ) . and lot 



(3.33) (5 



6 a 
d c 



If an d are e ig envec tors of S corresponding to —Z\ and —z 2 

as in (13.18P and Lemma HI then 



(3.34) S 



ax Pi\ = (-z\ol\ -z 2 /3i 
«2 02 J \-zia 2 -z 2 /3 2 



Let us mention that the relation ( 13.341) determines the matrix S if 
numbers Z\ ^ z 2 and aii, a 2 , fti, (3 2 satisfying (13.181) are given. 

In view of (I3.24p . taking the inverse matrices of both sides of (I3.34p . 
and then passing to adjoint matrices, we get 



This means that —l/zi,—l/z 2 are the eigenvalues of the matrix (S x )*, 

and f — J , ( — J i sa P a i r °f corresponding (linearly independent) 

\ a 2j VV 
eigenvectors. 

Consider the boundary conditions that correspond to the matrix 



(3.35) 



1 b a 
d c 1 



with b,a,d,c coming from ( 13.33[) . In view of Lemma HI 1/zi and l/z 2 
are the roots of the characteristic equation (I3.15p . But if z = e tT7T then 
1/z = e- iT7T = e iT \ Now, by <^Ml - (|3T27|) . it follows that 4> is a 
system of eigenvectors of L° subject to the boundary conditions ( I3.35p . 

Next we show that, as usual, the biorthogonal system <3> is the system 
of eigenvectors of the adjoint operator (L® c )* (or, which is the same, of 
L° subject to adjoint boundary conditions be*). 

Lemma 6. Let L\ c be a closed operator with boundary conditions be 
defined by $3.10\) and A3.11\) . Then its adjoint operator (L& c )* is L° c *, 
where the boundary conditions be* are given by the matrix A3. 35\) . 
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Proof. With / = and g = such that f,g e H\I,C 2 ) we 



have 



(L°f,g) - (f,L°g) = - f (f l {x)g 1 {x) - f 2 {x)g 2 {x)) dx 

J 

= - (/i(7r)^0 - /i (0)^(0) - / 2 (7r)^rT + / 2 (0)^(0) 

7T V 



- fifrMn) + (6/i(tt) + a/ 2 (0))^(0) + (dMn) + cf 2 (Q))g 2 (ir) + / 2 (0)0,(0) 

7T 



= - (/iW[6pi(0) +^(tt) + ^ 2 (tt)] + / 2 (0)[a^(0) +p 2 (0) + c^ 2 (7r)]J . 

In view of (I3.10p . one can easily see that /i(vr) and f 2 (0) could be any 
numbers. 

Therefore, the boundary conditions of the adjoint operator are de- 
termined by the matrix 

'fe 1 cf 
.a 1 c . 



(3.36) 



In view of (13.331) . if we bring it to the equivalent form (13. lip multiplying 
from the left by ^ , the result will be just f !3.35[) . □ 

3. Dirichlet-type boundary conditions. In general, for strictly reg- 
ular be, the spectrum of the operator L\ c consists of two arithmetic 
progressions (13 . 22[) and f !3.23|) . with difference = 2. If 

(3.37) b + c = 0, 

then the equation (I3.16P has the following two roots 

(3.38) z\ = V ad — be, z 2 = —Z\. 

In view of (I3.20p . in this case we have z\ = e lT17T and z 2 = e lT27r with 
r 2 = T\ ± 1. Therefore, the union of the corresponding two arithmetic 
progressions (I3.22p and (13.231) gives the spectrum of L° c in the form of 
one arithmetic progression with difference 1: 

(3.39) A = n + m, meZ. 

We call boundary conditions with the property ( 13. 37ft Dirichlet-type 
boundary conditions. 

For Dirichlet-type be, the adjoint boundary conditions be* are also 
Dirichlet-type. Indeed, in view of ( I3.16p . be given by a matrix (13.1 ip 
are Dirichlet-type if and only if we have Z\ + z 2 = 0, where z% and z 2 
are the roots of (13.161) . By Lemma [6] and the discussion after (I3.35p . 
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the roots of the equation (13. 16f) that corresponds to be* are 1/zi, l/z 2 , 
so we have 

Z\ Z2 Z\Z 2 

Therefore, be* are Dirichlet-type also. 

4. Regular but not strictly regular boundary conditions. 
Now we assume that (13 . 13[) holds, but (13.141) fails, i.e., 

(3.40) (b + c) 2 - 4(6c - ad) = (b - cf + Aad = 0. 

In this case the characteristic equation ( 13 . 1 6[) has one double root: 

(3.41) z* = -(b + c)/2. 

Notice, that z* ^ because otherwise (I3.40p would imply be — ad = 
which contradicts to the regularity condition (13 . 1 3j) . 
Let r* be chosen so that 

(3.42) z* = -(6 + c )/2 = e lnT % \Rer,\<l. 
Then all eigenvalues of L\ c are given by 

(3.43) Sp (L° bc ) = { n + k, ke 2Z}. 

In view of Lemma HI the corresponding eigenvectors have the form (13.51) 



with 

A 23 = 
(3.44) 



CtiZ* 



, where 



a 2 



is an eigenvector of the matrix 



b a 
d c 



corresponding to its double eigenvalue — z*, i.e., 



(A 23 +zJ) 



CX i 

at-2 



b + z* 
d 



a 




" if a 


c + z„ 


ft)" 


. d S T. 



a i 

Ct 2 



0. 



The matrix A 23 will have two linearly independent eigenvectors 



«2 



and 



if and only if A 2 3 + z^I is the zero matrix, i.e. 

0. 



(3.45) b = c, a = 0, d 

Then the matrix (I3.1ip has the form 



(3.46) 



16 
6 1 



b^0. 



We call the boundary conditions given by the matrix (13. lip periodic- 
type if (I3.45P holds, i.e., be is defined by (13.461) . Using the same argu- 
ment as in the strictly regular case we get the following lemma. 
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are linearly independent vectors 



Lemma 7. For periodic-type be, ( EL 22\) with t\ = r* gives all eigenval- 
ues of L° c , and each eigenvalue is of geometric multiplicity 2. There 

ai \ and (oi such that the sys- 

tern $ = u $ 2 , given by {3.21$ and Ii3.25\) with t 2 = n = r*, is a 
Riesz basis in the space L 2 (/,C 2 ), I = [0, 7r]. Its biorthogonal system 
$ = $i u $ 2 is defined by tTM) and (SlFfy . 



Next we consider the case when (13.401) holds but (13.451) fails, i.e., 
(3.47) \b- c\ + \a\ + \d\ > 0. 

As we will see below, in this case each eigenvalue of L® c is of algebraic 
multiplicity 2 but of geometric multiplicity 1, i.e., associated eigenvec- 
tors appear. Here we have the following subcases: 

(i) If a = 0, then fEROl implies b = c, and by (ERTj) we have d ^ 0. 
By the regularity condition (I3.13P we have be — ad ^ 0, which yields 
b 7^ 0. In other words, the matrix (13. lip has the form 

16 



(3.48) 



d,6 ^ 0. 



d b 1 

Here we choose the following solution of (I3.44p 

(3.49) a x =0, a 2 = d. 

(ii) If d = 0, then (I3.40p implies b = c, and by (I3.47P we have a ^ 0. 
Now the matrix (13.111) has the form 





(3.50) 



16a 
6 



d,6^ 0. 



Here we choose the following solution of (I3.44|) : 

(3.51) «i = a, a 2 = 0. 

(iii) If a, d ^ 0, then (13.401) implies 6 ^ c. Here we choose the follow- 
ing solution of (I3.44p : 

(3.52) ai = a, a 2 = (c-6)/2. 

Of course, (I3.43P gives all eigenvalues. A corresponding system of 
eigenvectors is 



(3.53) 



Q^g* T * (-7T x) g ikx 



k e 2Z, 



where a\,a 2 are given, respectively, by (I3.49p . (I3.5ip and (13. 52 p . 
We look for a system of associated eigenvectors of the form 



(3.54) 



(A 



aix)e tT *( 7T x>> e tkx 



(f3 2 + a 2 x)e 



it* x g i k x 



k e 2Z. 
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Then L°ip 2 k = Xk^\ — if\, so tp\ is an associated eigenvector if and 
only if it satisfies the boundary conditions. This leads to the following 
system of two linear equations in two unknowns fi\ and /3 2 : 

PiZ* + b((5i - -koli) + a/3 2 = 

d((5i - wait) + c/3 2 + (/?2 + na 2 )z* = 0, 



or, equivalent ly, 



(z* + b)(5i + a/3 2 = nbax 

dfll + (C + Z*)f3 2 = T^dOL\ 



na 2 z* 



By dSHD, b + z* = {b - c)/2, c + z* = (c- 6)/2. Moreover, by <^M} 
and (13.441) . dct\ = a 2 (b — c)/2, and therefore, 7rdai — 7ra 2 .2* = na 2 ^ + 



na 2 b -¥ 



7T 



6«9 



Thus, (I3.54p is a system of associated vectors if and only if (3\ and 
f3 2 satisfy 



b + z* a 
d c + z* 



(3.55) 

Notice, that (I3T44D and (13351) mean that 



b-c 
2 



a 
2 

a 1 
a 2 



is an eigenvalue of the 



matrix A 23 



b a 
d c 



corresponding to its double eigenvalue —z*, and 



is an associated vector. 



With cti and a 2 fixed, respectively, in (I3.49p . (13.511) and (13.521) . we 
choose corresponding solutions of (13.551) : 



(3.56) 

and 

(3.57) 



0i 



7T 



b, (3 2 = in the case (i); 



fli = 0, (3 2 = nb in the cases (ii) and (iii) 



Lemma 8. The system $ of eigenf unctions ip\, k e 2Z, and associated 
functions ipl, k e 2Z, given in h3. 53\) and flff.J^p , a i?zesz fraszs in the 
space L 2 (I, C 2 ), I = [0, 7r]. Its biorthogonal system is $ = {y?^., yS 2 ,, A; e 
2Z}, where 

(3.58) _ 

A- 1 + «2"(vr - x )] e ^(^-^) e -^ 



*4 



A~ 1 ct 2 ~e iT *( 7T ~ x ^ e~ ikx 



A 1 a\e lT * x e 



A _1 [/3i - al(vr - x)]e 



with A = ai(3 2 — a 2 (3i + Traia 2 . 
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Proof. Consider the operator A : L 2 (I, C 2 ) — > L 2 (I, C 2 ) defined by 
(3.59) 

'A _ (aie^-^f^ - x)\ , ({p! -aix)e iT *^-^g(Ti -x 



A 



g J V a 2 e lT * x f(x) J \ (P2 + a 2 x)e lT * x g(x 



Since we have $ = where E is the orthonormal basis (I3.28p . 

the lemma will be proved if we show that A is an isomorphism. One 
can easily see that A is bounded operator. Let us find its inverse. By 
(13.591) . the equation 



.4 



is equivalent to the following system of two linear equations in two 
unknowns /, g : 



(3.60) aif(x) + (Pi — ai[n — x])g(x) = F(tt — x)e 
&2f(x) + ((3 2 + a 2 x)g(x) = G(x)e 

The determinant of this system is 



lTt,X 



A = det 



«i (3\ — Ttai + a\X 

a 2 (3 2 + a 2 x 



—nbd in case (i) 

nab in case (ii) 

na(b + c)/2 in case (iii) 



due to our choices of a\,a 2 in (I3.49p . (13. 511) . (13.521) and 0i, /3 2 in (13.561) 
and (I3.57p . Thus we get 



A 



f(x)\ _ ( [(/3 2 + a 2 x)F(n — x) — (fa - -nai + ol-[x)G(x)\ e 
g(x) J ~ \ \-a 2 F(n - x) + a^x)} e~' lT * x 



which implies (since A ^ 0) 
(3.61) 

F\ 1_ / \(f5 2 + a 2 x)F(-n -x) - (fix - vrcti + a 1 x)G(x)} e 
G ) ~ A I [-a 2 F(7r -x) + a x G(x)\ e~ ir * x 



A 



Now it is easy to see that the operator A~ x is bounded. 

A simple calculation (similar to the one used in Lemma [6]) shows 
that the adjoint operator of A^ 1 is 
(3.62) ' _ 

( A -iy (f\ = A-i ( + «2£- 5£aO/(T - x) + aig(Tt - x)\e^- x) 
1 ] \gj V [-(/3 1 -cnn + cnx)f(x)+Wg(x)}e iT ' x 

Since we have $ = (A^ 1 )* (E) , where E is the orthonormal basis defined 
in (13. 28 p . the family $ is the biorthogonal system to $. □ 
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4. Matrix representation of L bc and its resolvent i4 c (A) 

Next we consider, for arbitrary regular 6c, the Fourier representa- 
tion of L bc and its resolvent L bc (X) with respect to a corresponding 
Riesz basis consisting of eigenfunctions and associated functions of the 
operator L° c (constructed in Lemmas [5], M> ■ 

1. Let V : L 2 (I,C 2 ) -> £ 2 (/,C 2 ) be the operator of multiplication 



by the matrix v(x) 





Q(x) 







i.e. 



V 





g(x) 



P(x) 




For a regular boundary condition 6c, let $ = </?|, k € Z} and 
$ = € Z} be the corresponding Riesz basis (consisting 

of eigenfunctions and associated functions of the operator L° c ) and 
its biorthogonal system constructed, respectively, in Lemma [5] if be is 
strictly regular, in Lemma [7] if be is periodic type, and in Lemma [8] 
otherwise. In this section and thereafter, we consider matrix represen- 
tation with respect to that basis only. 



Lemma 9. The matrix representation of V with respect to the basis $ 
has the form 

T/ll T/12 " 

' «W /^{i, 2} , 



(4.1) 



V 



(4.2) 

where 

(4.3) 



V" 21 V 



22 



vjT = (w^(m)) e £ 2 (2Z), \\w^\\ P < C(\\P\\ L 2 + \\QWv) 



m th C = C($,$). 

Proof. We consider only the case where // = 1 , v = 2 because the proof 
is similar in the other three cases. 

If 6c is strictly regular, then we get, by fl3.24p - fl3.27p . 



i 

71 



P(x)(3 2 e iT2X e ikx 



Q(x)/3ie 



iTi(jt —x) Q—ikx J j 



a ' ie iri(n-x) t 

- mx e ijx 



-IJX 



[a;/3 2 e 4(T2X+Tl(x -" )) P(x)e i(j+fc) ^a; + a' 2 /3 1 e i(T2( "- l) - Tlx) Q(x)e- i(j+fc) 

Therefore, (14. 2p holds for /i = 1, v = 2 with 

(4.4) w 12 (m) :=p 12 (-m) + q 12 {m), m G 2Z, 
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where p 12 (m) and q l2 (m), m G 2Z, are the Fourier coefficients of the 
functions g 12 (x)P(x) and h 12 (x)Q(x), with 

g 12 (x) := a' 1 /3 2 e i(T2a;+Tl(a; - 7r)) , /i 12 (x) := o! 2 $ x e i{T ^- x) - Txx) . 



By the Parseval identity, 

£ b 12 (m)| 2 = |k 12 (x)P(x)||i 2(/) < sup |^ 12 (x)| 2 ■ ||P| 



2 

L2(/) 



and 



£ |g 12 (m)| 2 = ll^^g^ll 2 ,^ < sup \h*{x)\* ■ \\Q\\ 2 L2{iy 



Thus, ( 14. 3 ft holds with a constant C depending on the parameters 
ai,a^/3i,/3 2 ,Ti,T 2 . 

The proof is exactly the same if be is periodic type (the same formulas 
work but with r 2 = T\ = r*). 

If 6c is not strictly regular and not of periodic type, then by (I3.54p 
and (I3.58P we have 



P(x)(f3 2 + a 2 x)e ir * x e ikx \ /A-W'^e -0 '* 



7T 



Q! 2 

P(x) — ((5 2 + a 2 x)e 



it* (2x— it) ^i(j+k)x 



+ - 



7T 



Therefore, (14. 2 p holds for fi = l,u = 2 with 

(4.5) w 12 (m) := p\ 2 (-m) + g} 2 (m), m G 2Z, 

where p} 2 (m) and gj 2 (m), m G 2Z, are the Fourier coefficients of the 
functions g\ 2 (x)P(x) and h\ 2 (x)Q(x), with 



a 2 



ir* (tt—2x) 



g\ 2 {x) := ^(/3 2 + « 2 x)e^^-), /i} 2 (x) := ^(ft - aixje 

Since these functions are bounded, again the Parseval identity implies 
(14.31) with a constant C depending on parameters a\, a 2 , Pi, f3 2 , r*. 

□ 



2. If 6c is strictly regular boundary condition, then by f!3.22j) and 
(I3.23P the spectrum of L° c consists of two disjoint sequences 



Sp(L° bc ) = { n + k, k G 2Z} U {r 2 + k, ke 2Z}. 
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The resolvent operator R bc (X) = (A — L° c ) _1 is well defined for A ^ 
Sp(L bc ), and we have 

(4.6) <(AK = t r¥>jj, *G2Z, /i = l,2. 

A - r M - fc 

By (j3.43j) . for regular but not strictly regular be the spectrum of L bc 
is given by 

Sp(L° bc ) = {r* + k, k G 2Z}, 

where each eigenvalue is of algebraic multiplicity 2. The resolvent op- 
erator R° bc (X) = (A - LgJ- 1 is well defined for A £ Sp(Lg c ) by 

(4.7) C(AK = t " j-tf, kE2Z, /i = l,2. 

A — — fc 

The standard perturbation formula for the resolvent 
i4 c (A) = J&(A) + J&(A)VJ&(A) + R bc (X)VRl(X)VR° bc (X) + ■■■ 
can be written as 

oo 

(4.8) R bc (X) = (K x ) 2 + J2Kx(K x VK x ) s K x 

s=l 

provided 

(4.9) {K x f = R° bc (X). 

Then the operator -R& C (A) is well-defined by (14.81) if 

(4.10) II^a^aII < i. 

In the next section we will give conditions under which (I4.10p holds. 

In view of (14.61) and (14.71) . we define an operator K = K x with the 
property (14. 9p . respectively, for strictly regular be by 

(4.11) K xV % = -=L==<rt, ke2Z, /i = 1,2, 

V A - - k 

and for regular but not strictly regular be by 

(4.12) K x <rt=-=L==<pl' k} k£2Z, /i = l,2, 

V A — r* — k 

where 

^ = ^e iLpt2 if z = re**, -n < <p < vr. 
By (ED, g2D, gH]) and (Q2)l . we have 

(4.13) Tr^ =r:' j, k E 2Z 

^X-r^-j^/X-Tv-k 
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for strictly regular be, and 

(4.14) (K x VK x a,<%)= ^S^L _, j,k G2Z 

for regular but not strictly regular be. 
Therefore, for s > 1, it follows that 

(4-15) (K x (K x VK x ) s K x <pl0»J 

(m + ii)w 7172 (zi + i 2 ) • • • w 7 - 17 ' (l a _i + 2 s )w 7siy (2 s + fc) 



E E 



(A - r M - m)(A - r 71 - ii) • • -(A - t 1s - i s ){\ — r u - k) 

71,..,7 S =1 31,.. .Js V f /\ ,1 , v ,s / 

for strictly regular be, and 

(4-16) {K x {K x VK x ) s K x ^ k ,^) 



2 



. ^ fA-r, 



w M7i( m + i 1 ) W 7i72(^ + ^) . .. 107.-17. (j^j + i s ) W lsU (i s + fc) 



(A — r* — m)(A — r* — z'i) ■ ■ ■ (A — r* — i s )(A — r* — A;) 

for regular but not strictly regular be. In view of (14. 8p . the formulas 
(I4.15P and (I4.16P determine the matrix representation of the resolvent 
-Rfec(A). 

5. Localization of spectra 

In this section we consider the spectra localization of the operators 

Lb c = L® c + V, where V denotes the operator of multiplication by the 

, . ( > f P(x) 
matrix v[x) — ~, N \ 

1. In view of (14.131) and ( 14. 141) . the Hilbert-Schmidt norm of the 
operator K X VK X with respect to the Riesz basis $ (see (I2.5P ) is given 
by 

2 

(5.1) (\\KxVK x \\* HS f =J2J2 

u,fi=l j,k£21 

for regular be, and 

(5.2) (||K A V^ A ||^) 2 =t E 

v,fJ.=l j,k£22 

for regular but not strictly regular be. 
For convenience, we set 

(5.3) r(m) = max{\w^ u {m)\, fi,u = 1,2}, m G 2Z; 



\w^(j + k)\ 2 


|A- 


t m - J'll^ - TV/ 


-k\ 




k^(j + A;)| 2 




|A- 


T * ~ j||A - r* 


~ k \ 
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then 

(5.4) r = (r(*)) G £ 2 (2Z), ||r|| < C(||P|| L2 + ||Q|| L2 ), 

where C = C(bc). 

Now we define operators and which matrix representations 
dominate, respectively, the matrix representations of V and K\, as 
follows: 

(5.5) Vrt=Y,r(k + n)(<pl + <ti), n=l,2; n e 2Z, 

(5.6) = -=-L==^, // = 1,2; »G2Z 
for strictly regular be, and 

(5.7) K x <f% = -==L=<f%, ^ = 1,2; n G 2Z 

V|A - t* - n| 

for regular but not strictly regular be. 

The matrix elements of the operator K\VK\ do not exceed, by abso- 
lute value, the matrix elements of K\VK\. Therefore, in view of (15. ip 
- (I5.3P and Lemma [91 it follows that 
(5.8) 

<\\k,vk As y < mw*,r - t E | A _^;^_, r 

for regular be, and 
(5.9) 

(ii^a^aIi^) 2 < (ii^a^aIi^) 2 = 4 £ |r(j + fc)|2 

j,fc£2Z 



|A — r* — j||A — r* — fc| ' 



for regular but not strictly regular be. 

For each £ 2 -sequence x = (x(j))j £ z and m G N we set 

1/2 

(5.10) £ m {x)= I £ |x(j)| 2 ' 

\|i[>m 

Next we consider separately the case of strictly regular 6c and the case 
of regular but not strictly regular be. 

2. Strictly regular be. We subdivide the complex plane C into strips 
(5.11) 

H m = IzeC: —KRe(z — m— n - 72 )<!)■, m G 2Z, 
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and set 
(5.12) 

(5.13) R NT 



H N = |J H m 

\m\<N 



z = x + it : 



x — Re 



T\ + T 2 



<N + 1, \t\<T 



where N e 2N and 

(5.14) T = 2max (\ImTi\, \ Im t 2 \, 384|| A\\ ||r f) 



with A being the isomorphism defined by ( I3.29p . 
Let 



(5.15) 

and 

(5.16) 



p := min(l - |ife( Tl - r 2 )|/2, \ n - r 2 |/2), 



\z — r M — m| < p}, m G 2Z. 



Lemma 10. (a) In the above notations, the following estimates hold: 

(a) if\E H m \ (D^ U D 2 m ), m^O, then 
(5.17) 



E E 

H,u=l j,k£21 



\r(j + k)\' 



1^ - ^ ~ ~ r ^ - k \ VP 



+ (^|m|(r)) 5 



(b)if\e H \ Rnt, then 



(5.1* 



E E 



lr(j + /c)| 2 384 2 

|A-r M -j||A-r,-fc| " T l|r|1 ' 



Proof, (a) If A e # m then 

(5.19) |A-t>-j| > |m-j|/4, jG2Z\{m}, ^ = 1,2. 

Indeed, \m — j\ > 2, so (15.111) and ( I3.2ip imply 

1 3 1 

\Re(X-T^-j)\ > |r^— j'| — 1 — -|i?e (ti — t 2 ) | > \m-j\-~ > -\m-j\. 

In view of (15.191) . the sum in (15.171) does not exceed 
\r(j + k\ 2 



4 3 E 



\m 



\m — k\ 



9 \r(m + k\ 2 9 v— |r(7 + m| 2 |r(2m)| 2 

f4 2 \ r^-+4 2 > r L +4 J 

^ p\m-k\ ^ 



\m-j\p 



Now the estimate (15.171) follows from the inequalities ( I5.20p and 
( Km below. 
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Lemma 11. If r = (r(k)) G £ 2 (2Z), then 
(5.20) 



E 



r{n + k) ? < JHj! + ( (r))1> WS1; 



\n — k\ 



\n\ 



|r(z + £;)| 2 
(5.21) J2 J_- <12 



\n — i\ \n — k\ 



+ {£\n\{r)f 



Inl > 1, 



Lemma [TT] is identical to Lemma 7 in [9]; a proof is provided there. 
Next we prove ( 15.1 8p . If A G H N \Rnt, then A G for some even 
integer m G [— N, N], and we have 

(5.22) \\- Tll -j\>-±=(\j-m\+T), /i = l,2; JG2Z. 

Indeed, A G \ -R^t means that 
7i + r 2 



A = m + i?e ■ 



+ £ + ir? with ^,f/6f, |£|<1, M>T. 



Therefore, if j = m, then by (I5.14p we obtain 

|A-r M -j| > \Im(X- Tfl -j)\ > T- |/mr M | > T/2, 

so (15.221) holds. Otherwise, |j — m| > 2 (so \j — m| — 3/2 > |j — m|/4); 
then by the inequality |sc + > + ^75 M and (I3.2ip we obtain 



|A-r M -j| > 



v/2 



| j - m| 



7l - 7"2 



v/2 



(r-i/mrJ) 



^>'- m| - 3/2) + 2^^472 (lj - m|+T) - 
In view of (I5.22p . the sum in ( 15 . 18[) does not exceed 



a := 128 
By the Cauchy inequality, 





\r(j + k)\ 2 


(\j - m\ 


+ T)(\k-m 


+ T) 



a < 128 ( 



Since 



E 



1 



\r(j + k)\ 2 
(\j-m\+T)'< 



1/2 



(\j -m\ + T) 2 ~ T 2 



1 

< 7^T + 2 



E 

vi,fce2Z 
1 



k(j + fc)| 2 

(|fc — m| +T) 2 



1/2 



x + T) 



i£2Z 

it follows that a < ^fr||7"|| 2 , which completes the proof. 



1 2 3 
1 < — . 

rp2 rp — rp- 



□ 
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Theorem 12. In the above notations, for each strictly regular be there 
is an N = N(v, be) G 2N such that 

(5.23) Sp (L bc (v C ) CR NT U (J {Dl U D 2 m ) for v c = (v, |C| < 1. 

|m|>JV 

Proof. Let G be the set in the right-hand side of (15.231) . In order 
to prove (15.23P for ( = 1, it is enough to explain that the resolvent 
R x [ v ) = (A - L^v))- 1 is well-defined for A G C \ G. 

In view of (03} - ( H~TUj) . i2 A (u) is well-defined if ||if A T/ii: A || < 1. 
From Lemma [U formula (15.81) . Lemma [TU1 and the choice (I5.14p of the 
constant T it follows that 
(5.24) 

H^aV^aII < H^A^Alks < WAWWA-'WWKxVKxW^s < 1 for AG C\C7 

if is chosen so large that the right-hand sides of (15.171) (for \m\ > N) 
and (15.181) are strictly less than 1. In view of Lemma [9] and (I5.3p . (15.241) 
holds for (v, \(\ < 1 as well. Therefore, (I5.23P holds with N = N(v, be). 

□ 

3. Regular but not strictly regular boundary conditions. Now we 
subdivide the complex plane C into strips 

(5.25) H m = {z G C : -1 < Re(z - m - r*) < 1}, m G 2Z, 
and set 

(5.26) H N = |J H m , 

\m\<N 

(5.27) R NT = {z = x + it : \x - Ren\ < N + 1, |t| < T} , 
where A^ G 2N and 

(5.28) T = 2max (|imr*|, 96||A|| ||r|| 2 ) 

with A being the isomorphism defined by (13.291) (for periodic type 
boundary conditions) and (13.591) otherwise. 
Let 

(5.29) D m = {zeC: \z - r* - m| < 1/4}, m G 2Z. 
Lemma 13. (a) In the above notations, if A G H m \D m ), m/0, t/ien 

where C is an absolute constant; 
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(b)ifXe H N \R NT} then 

(5.31) V „ , < *||r||». 

Proof. If A G H m then (compare with (15.191) ) 

(5.32) \X-n-j\ > \m-j\/A j ^ m, j G Z. 
Therefore, the sum in (15.301) does not exceed 

4 2 T , |r(j ,| fc|2 n +4 2 V Kj + f, |2 + 4 2 V '^ + fc ) 2 +4 2 |r(2m)|'. 
^— ' m — 7 m — k ^— ' m — k\ ^-^ \m — j 

Now the estimate (15.301) follows from the inequalities (I5.20p and 
f l5T2Tj) in Lemma dH 

Next we prove (15.311) . If A G H N \ R NT , then A G if m for some 
integer m G [— iV, N]; then (compare with (I5.22p ) we have 

(5.33) \\- n -j\>-L=(\j- m \+T), //=1,2; j G 2Z. 

The proof of (I5.33P is similar to the proof of (I5.22p . and therefore, it 
is omitted. Moreover, using (I5.33P one can complete the proof of part 
(b) exactly as it is done in the proof of Lemma [10J 

□ 

Theorem 14. In the above notations, for each regular but not strictly 
regular be there is N = N(v, be) G 2N such that 

(5.34) Sp{L bc {v c ) CR NT U (J D m for v c = (v, \(\ < 1. 

\m\>N 

Proof. We follow the proof of Theorem [12] but use instead of (15. 8p . 
Lemma [TTJ1 and (I5.14p their counterparts (15.91) . Lemma [T31 and (I5.28p . 
We omit further details. □ 



6. Bari-Markus property in the case of strictly regular 

boundary conditions 

We use the notations of the previous section. For strictly regular 
be Theorem [Tj2] gives the following localization of the spectrum of the 
Dirac operator L bc : 

Sp(L bc )cR NT U |J (DiuDl). 

\n\>N 
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Let us consider the Riesz projections associated with L bc 
(6.1) 

Sn = ^~.\ (\-LY x d\ P n , a = -L f (X-L^dX, a = 1,2, 

JdR NT Z7Tt JdD% 

and let S N and P° be the Riesz projections associated with the free 
operator L° c . 

Theorem 15. Suppose L bc and L\ c are, respectively, the Dirac operator 
with an L 2 potential v and the corresponding free Dirac operator, subject 
to the same strictly regular boundary conditions be. Then, there is an 
N G 2N such that the Riesz projections Sn, P n ,a and S N , P° a , n G 
2Z, |n| > N, a = 1,2, associated with L and L° are well defined by 
( EOP , and we have 

(6.2) dim P n<a = dim P° Q = 1, dim Sjv = dim = 2N; 

(6.3) ^ ||P n , Q - P„° J| 2 < oo, a = 1,2. 

\n\>N 

Moreover, the system {Sn, P n ,a, n G 2Z, |n| > N, a = 1, 2} is a Riesz 
basis of projections in L 2 ([0, 7r], C 2 ), i.e., 

2 

(6.4) f = S N (f) + P ^( f ) Vf e L2 ([°' ^ C ')' 

a=l \n\>N 

where the series converge unconditionally. 

Proof. In view of Theorem [T2l there is an N = N(v, be) such that the 
projections 

Sn(0 = [ (X-L((v))~ 1 dX, P n>a (C) = / (A-L(C^))- 1 dA, 

\n\ > N, a = 1, 2, are well-defined for |£| < 1 and depend continuously 
(even analytically) on (. Therefore, their dimensions 

dim 5^(0 = trace Sn((), dimP„ ja (^) = trace P n , a (C) 

are constants as continuous integer- valued functions. This proves (16. 2p . 

Next we prove (16.31) . For periodic, antiperiodic and Dirichlet bound- 
ary conditions (16. 3 j) was proved in [9j Theorem 3]; here we follow the 
same approach. 

For large enough N the series in (14. 8 j) converges (see formula (I5.24p 
the proof of Theorem [12]) ; therefore, 

„ oo 

(6.5) P n , a - P° Q = — / V K\(K\VK\) s+1 K\dX. 
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Let $ = {ipl, (fl, k G Z} and $ = {(p\, (p\, k € Z} be the Riesz basis 
(consisting of eigenfunctions of the operator L° c ) and its biorthogonal 
system that are constructed in Lemma [5j We are going to prove (16. 3p 
by estimating the Hilbert-Schmidt norms \\P n ,a — P® a \\*HS with respect 
to the basis $. 

Recall that 

2 

(\\Pn,a-PZ,S HS ) 2 =J2 E \(( P n,«-PZ,aX,tt)\ 2 - 

fj.,u=l m,fce2Z 

By (16. 5p . we obtain 

oo 

((P n , Q - P n °J<, ^) = £ 7^(5, fc, m), 

where 

(6.6) F n %(s, k, m) = -L / (K A (iT A \/K A ) s+1 ir A ^, <^)dA. 
Therefore, 

oo 2 

E (ii^, Q -o^) 2 < E E E E w^ii-w*." 1 : 

|n|>Af s,t=0 \n\>N H,v=\ m,keZ 

Now, the Cauchy inequality implies 

oo 

(6-7) E (H P - - P «°H^) 2 ^ E {A{s))V\A{t)yi\ 

\n\>N s,t=0 

where 

2 

(6-8) A( a )= E E E l»^™)| 2 - 

\n\>N n,v=l m,keZ 

Of course, A(s) depends on a and N but that dependence is sup- 
pressed in the notation. 

In view of (14.151) and (16. 6p . it follows that 

( , 9) W , m) ,±.J EEg^» 

n Tl>..i7s=l 31,— 3s 

y W r ™(j 1 +j 2 ) ■ ■■w~<°-^(] s _ 1 +] s )w^(j s + m) 
(A - t 7i - jx) • • • (A — r 7s - j s )(A - r M - m) 



SPECTRAL DECOMPOSITIONS 29 

By the Cauchy formula, if n ^ {k, ji, . . . ,j s , m} then 
(6.10) 

vT* (k + h)w-™ (ji + jg) • • • w 7 ^(j 8 + m) dX _ 

eD?l (A - t u - k)(X - r 71 - ji) • • • (A - r 7s - j a ){\ - r M - m) 

This observation is crucial for the proof. We remove from the sum in 
(16.91) the terms which integrals are zeros and after that estimate the 
remaining terms by absolute value as follows. 

Let r be the £ 2 (2Z)-sequence defined in (I5.3p . We set 
(6.11) 

R(y h a Tn \ _ < k + jOKji + jg) • • • r (^-i + jjHjg + H 

n \ z i ft ? ji) ■ • • i jsi in') — i rn n i nn i 

1 2; — — Ji| ■ • • 1 2 — — 771 1 

for s > 0, and 

r(m + fc) 



(6.12) B(z,k,m) = , 

1 2 — k 1 1 z — m I 

in the case when s = and there are no j-indices. 
Lemma 16. In the above notations, we have 

(6.13) A(s) < 4p(2C) s (B 1 (s) + B 2 (s) + B 3 (s) + B 4 (s)) , 
C = C(p) and 

(6.14) B 1 (s)= SU P E £(*> n >Ji>--->^>n) I ; 

\n\>N^- n \=P\h,...,js J 



(6.15) S 2 (s)= E SU P_ f E * 



2 



(6.16) B 3 (s) = Y E sup ( E B ( z > n >h,---Js,m) I : 

|n|>ATm^J 2-n l = P \ii,...,i s 

(6.17) 

5 4 (s) = EE sup ( E B ( z > k >h,---Js,m) ) , s > 1, 

where the symbol * over the sum in the parentheses means that at least 
one of the indices ji, ■ ■ ■ ,j s is equal to n. 

Proof. In view of (16.81) . we have 

A{s) < A 1 (s) + A 2 (s) + A 3 {s) + A 4 {s), 
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where 

2 2 
Ms) = E E \%£(s,n,n)\ 2 , M*)= E EElO s > fc > 



4>oo = E E EIO^HI 2 , Ms) = E E E lO s >^™) 

\n\>N v,[i=l m=£n \n\>N v,/j,=1 k,m=£n 

So, the lemma will be proved if we show that Ai(s) < 4p(2C) s B^s) , 



i = 1,2,3,4. 



If A G dD" and z = A — r a , then we have 

w^ 1 (A; + h)w™ (j x + j 2 ) • • • + j s )w™(j s + m) 



(6.18 



(A - r„ - fc)(A - r 7l - jx) • • • (A - r 7s - j s )(A - r M - m) 

< C s B(z,k,ji, . . . ,j s ,m), where C = C(p) > 1. 
In order to prove (16.181) it is enough to show that 

(6.19) \z + T a -T^-j\>—\z-j\, if \z-n\=p, (3 ^ a. 

If j = n, then by the choice of p in (15. 15ft we have 

\z + r a — Tg - 71 1 > |ri - r 2 | - |z — 71 1 = \ti — r 2 | — p > p = |z - n\. 

Otherwise, |n — j| > 2, so taking into account that \Re (r a — ra)| < 1 
due to (13.211) . we obtain 

\z + r a - r p -j\ > \n-j\-p - \Re (r a - Tp)\ > \n - j\ - p - 1. 

Since \z — j\ < \n — j\ + p, it is enough to find a constant C such that 

\n-j\- p-l> ^{\n-j\ +p), 

or equivalently, (C — l)\n — j\ > (C + l)p + C. For \n — j\ = 2 the 
latter inequality is equivalent to C(l — p) > 2 + p. Therefore, ( 16. 19ft 
holds with C = C(p) = (2 + p)/(l - p). 
Now, fl63D and (16381) imply that 

(6.20) \l%£(8,k,m)\ <p(2C) s sup E B{z,k,j lt ... t j at m), 

\*- n \=p n,...,j s 

where C = C(p) is the constant from (16. 18ft . Therefore, in view of 
dSHD - (IBTTHj) . we obtain 

A(s) <Ap{2C) s B i (s), t = l,2,3. 

Finally, taking into account ( I6.10p we remove from the sum in the 
right-hand side of (16.201) the terms associated with sets indices k,j\,..., j s , m 
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such that n £ {k,ji, . . . ,j s ,m}. This leads to the following improve- 
ment of fl6T2TJ|) : 

* 

\Q£( s >k,™>)\<P(2C)" SU P ^2 B(z,k,j l} ...,j s ,m), k,m ^ n. 

In view of (I6.17p . this yields A±(s) < 4p(2C) s B 4: (s), which completes 
the proof. 

□ 

Proposition 17. In the above notations, 
(6.21) 

B v {s) < C^rfa^, v = 1,2,3, B 4 (s) < Cis ||r || 4 a^ s_1) , s > 1, 
where 

3D /llrll 2 x 1/2 

(6.22) a N = - (JUL + (^(r)) 2 



and C*i zs an absolute constant. 

If p = 1/2, then Proposition [T71 is identical with Proposition 6 in [9]. 
Moreover, the proof is one and the same for any p > but p appears 
in the formula (I6.22p . Therefore, we omit the proof of Proposition [T71 

Now we complete the proof of ( 16. 3p . Lemma [T6l together with the 
inequalities ( I6.2ip and ( I6.22p in Proposition [17] imply that 

(6.23) A(s) < 16c7 1 (2C7) s ||r|| 2 (l + ||r|| 2 /c&)(l + s)a%, 



(6.24) (A(s)A(t)) 1/2 < 16L7 1 ||r|| 2 (l + ||r|| 2 /a 2 v )(l + s)(l+t)(2c7a w ) 



s+t 



By ( I6.22p . on — > as N — > oo, so 2Ca^ < 1 if N is chosen sufficiently 
large. Then, the inequality (I6.24p guarantees that the series on the 
right-hand side of ( 16. 7p converges, which implies that ( 16 .3p holds. 
Finally, we apply Theorem [2] to the systems of projections 



{S N , P n>a , \n\ >N,a = l, 2}, {S° N , P n u Q , \n\ >N,a = l, 2}. 

The existence of the Riesz basis $ constructed in Lemma implies that 
the system {S%, P ® a , \n\ > N, a — 1, 2} is a Riesz basis of projections 
in L 2 ([0, vr], C 2 ), and by (Q and (Q the conditions (l2~T0|) and (l2~TTj) 
are satisfied. Hence, by Theorem [2] {Sjy, P n , a , \n\ > N, a — 1, 2} is a 
Riesz basis of projections in L 2 ([0, 7r], C 2 ). □ 



Theorem [15] immediately implies the following. 
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Corollary 18. The spectrum of L bc is discrete. Each of the discs 
D° , a = 1, 2, n £ 2Z, |n| > iV, contains exactly one simple eigenvalue 
of L bc , and the numbers of eigenvalues of L® c and L bc (counted with their 
algebraic multiplicity) in Rnt « r e equal, namely 

(6.25) # (Sp (L bc ) n iW) = # O (2&) n iW) = 2N. 

In view of Corollary [18j the spectrum of the operator L bc could be 
described by saying that with exception of finitely many points it con- 
sists of simple eigenvalues A njCf that are "close" to the corresponding 
points in the spectrum of the free operator L\ c 

Sp(L° bc ) = {\l a = n + T a , a = 1,2; n £ 2Z}. 

The distance |A njCf — A° J could be estimate by the norms 

(6.26) K nja =\\P nja -PlJ, ne2Z, \n\ > N, a = 1,2, 

and the terms w aa (2n) from the matrix representation of the opera- 
tor of multiplication V (see Lemma [9]). This leads to the following 
statement. 

Theorem 19. In the above notations, 

(6.27) |A„ >Q , — n — r a \ 2 < oo, a = 1,2. 

M>7V 

Proof. Let $ = ip^, n £ 2Z} be the basis of eigenvectors of L\ c 
constructed in Lemma 0, and let $ = (p l n , (p\, n £ 2Z} be its biorthog- 
onal system. We have 

L bc¥n = K^ro ^n,a¥n = ¥n> « = 1,2. 

and (since are eigenvectors of the adjoint operator (L° c )* corre- 
sponding to eigenvalues A° Q ) 

(6.28) (L° c )*< = Ap£, a = 1,2. 
We set 

C = ^n,a<, a = 1, 2; n £ 2Z, \n\ > N. 
Then we have 

(6.29) L 6c < = A n , Q C 
and 

(6.30) IIC - tfi\\ = ||(P n , Q - P n %K|| < K^H^II < 

where C is the norm of the isomorphism A from Lemma [5J so C = 
C(6c). By (E29D, 
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In view of ffiT25j) . 

(L° C C,^) = «, = (VC A&n) = A°, a (C,^). 

Therefore, we obtain, 

which leads to the formula 



(6 ' 31) K «~ Ka <e^r 

By (EHUD, it follows that 

(C, v£> = «, + ((C - = i + 0(0- 

On the other hand, 

By Lemma [9] and (14.31) , we have 

(Y<Pn,(Pn) = w aa (2n), where ^w aa (2n)\ 2 < oo. 

n 

In view of (I6.30p . 

(v(C - <), ^) = (« - ^, r^) = o(||c - <||) = o( Kn ) 

because the functions <£5° are uniformly bounded due to Lemma O 
Formulas (JH26J and (JH22j). 
Therefore, by (16 .3 If) . we obtain 

_ w aa (2n) + 0( Kn ) 
n ' a n > a l + 0(K n ) ' 

From here (16.271) follows because J2 n \w aa (2n)\ 2 < oo by (14. 3 j) and 
E»«n < oo by (JO}. ^" □ 

7. Bari-Markus property in the case of regular but not 
strictly regular boundary conditions 

We use the notations of Section 5. For regular but not strictly regular 
be Theorem [TH gives the following localization of the spectrum of the 
Dirac operator Lt c : 

Sp (L bc ) CR NT U |J D n . 

\n\>N 

Let us consider the Riesz projections associated with L bc 
(7.1) S N = / (A - L)- l d\, P n = -L f (A - L)~ l d\, 

1711 JdR NT Zm JdD n 
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and let S% and P° be the Riesz projections associated with the free 
operator L° c . 

Theorem 20. Suppose Lf, c and L® c are, respectively, the Dirac operator 
with an L 2 potential v and the corresponding free Dirac operator, subject 
to regular but not strictly regular boundary conditions be. Then, there 
is an N G 2N such that the Riesz projections Sn, P n and S N , n G 
2Z, |n| > N, associated with L and L° are well defined by 116. and 
we have 

(7.2) dim P n = dim P° = 2, dim S N = dim S° N = 2N; 

(7.3) Yl \\Pn-PX<oo. 

\n\>N 

Moreover, the system {Sn] P n , n G 2Z, \n\ > N} is a Riesz basis of 
projections in L 2 ([0, 7r], C 2 ), i.e., 

(7.4) f = S N (f) + P «( f ) Vf e L2 (t°' n l C2 )' 

M>7V 

where the series converge unconditionally. 

Proof. One may prove the theorem by repeating (with a few obvious 
adjustments) the proof of Theorem [T5l Therefore, the proof is omitted. 

□ 

Theorem [201 immediately implies the following. 

Corollary 21. The spectrum of is discrete. Each of the discs 
D n , n G 2Z, |n| > N, contains exactly two eigenvalues (counted with 
algebraic multiplicity) of Lb c , and the numbers of eigenvalues of L\ c and 
Lb c (counted with algebraic multiplicity) in Rnt are equal, namely 

(7.5) # (Sp (L bc ) n R NT ) = # {Sp (L° bc ) n R NT ) = 2N. 



8. Miscellaneous; pointwise convergence and 
equiconvergence 

1. Suppose that L® c is the free Dirac operator considered with reg- 



ular boundary conditions (be) given by the matrix 



1 b a 
d c 1 



in 



(13. lip . Let $ = {{p\,<pl,k G Z} be the corresponding Riesz basis in 
L 2 ([0, 7r], C 2 ) consisting of eigenfunctions and associated functions of 
L° c , which is constructed, respectively, in Lemma [5] if be is strictly reg- 
ular, in Lemma [7] if be is periodic type, and in Lemma [8] otherwise. 
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Then we have 



EE 

m£2Z n=l 



,0m 



\ff,gEL 2 ([0,Tr],C), 



where the series converges unconditionally in L 2 ([0, tt], C 2 ). The follow- 
ing statement gives sufficient conditions for point-wise convergence of 
the series in (18. ip and explains what is its sum for each x G [0, tt]. 

Pointwise Convergence Theorem. If f,g : [0, tt] — > C are func- 
tions of bounded variation which are continuous at and tt, then 
(8.2) 

M 



lim 

M-s-oo 



where 

(8.3) 

and 

(8.4) 



E 



-M 



•<fm 



VmK x ) + 



,<Pm 



Vm{ x ) 



g( x ) 



f( x ) 

g( x ) 



lff(x-0) + f(x + 0) 
2 \g(x -0) + g(x + 0) 



for x G (0, tt) 



g( x ) 



f(0) - bf(7T) - ag(0) 

be- ad,9\^ 

be— ad 

/(0) + /(vr) + 

be— ad ) 

-df(7T)-cg(0)+g(7T) 



if x = 0, 

if X = TT. 



Moreover, if both f and g are continuous on some closed subinterval of 
(0, 7i") then the convergence A8.2\) is uniform on that interval. 



2. Next, suppose that v is an L 2 ([0, 7r]) Dirac potential and consider 
the operator Lb c (v). 

For strictly regular be, Theorem [15] shows that there is a Riesz basis 
of projections; Formula (16. 4p is an analog of (18. ip . Moreover, since the 
projections P° that appear in (16 .4p are one- dimensional while dim Sn = 
2N, in fact Theorem [T5l proves the existence of a Riesz basis (pt^, m G 
2Z, fi G {1,2}, consisting of eigenfunctions and at most finitely many 
associated functions of the operator L bc {v). 

For regular but not strictly regular be, the existence of Riesz basis 
of projections is proven in Theorem [201 see Formula (I7.4p . The Riesz 
projections P m that appear in (17.41) are two-dimensional, and in general 
it is impossible to "split" the corresponding two-dimensional subspaces 
into one- dimensional so that to get a Riesz basis of functions (see in 
[TO] results about existence and nonexistence of Riesz basis of functions 
in the case of periodic or antiperiodic be). 
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However, in both cases the spectral decompositions ( 18. ip ) of lP hc and 
the spectral decompositions of L bc {y) given, respectively, by (16.41) for 
strictly regular be and by (17.41) for regular but not strictly regular 6c, 
converge pointwise to the same limit, or diverge simultaneously, due to 
the following. 

Equiconvergence Theorem. Let Sn = SN{v,bc) and S%(bc) be 
the projections defined by W. and let F : [0, tt] — > C be a function 
of bounded variation. Then, for every regular be and every L 2 ([0,7r])- 
potential v, 

(8.5) 11(5^-5^)^11^-^0 as N oo 

Proofs and generalizations of these results will be presented else- 
where. We are thankful to R. Szmytkowski for bringing our attention 
to the point-wise convergence problem of spectral decompositions of 
ID Dirac operators. In the case of separated boundary conditions, 
our point-wise convergence results confirm the formula suggested by 
R. Szmytkowski ([2S1 Formula 3.14]). 
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